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Abstract. Let G be a compact semisimple Lie group and T be a maximal torus of G. We 



a^ ■ 
o ■ 
o : 

^ describe a method for weight multiplicity computation in unitary irreducible representations 

_ ■ of G, based on the theory of Berezin quantization on G/T. Let Ti^oii^^) be the reproducing 

kernel Hilbert space of holomorphic sections of the homogeneous line bundle over G/T 

■ associated with the highest weight A of the irreducible representation Tr\ of G. The multi- 
I plicity of a weight m in tt\ is computed from functional analytical structure of the Berezin 

■ symbol of the projector in rhoil-C^) onto subspacc of weight m. Wc describe a method of 
I the construction of this symbol and the evaluation of the weight multiplicity as a rank of 

CO ■ a Hermitian form. The application of this method is described in a number of examples. 

> ' 

\^ ' Key words: Berezin quantization; representation theory 
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o ; 

, Dedicated to the memory of Professor Michael Marinov 

fj^; 1 Introduction 
^ ■ 

, Computation of weight multiplicities is a necessary step to the construction of compact semi- 

^ I simple Lie group representations. There are several known formulas and methods for the com- 

• putation of weight multiplicities, such as Freudenthal recursive formula [17], the Kostant for- 

• i-H . mula [15], the Littelman's path model [16], and the Billey-Guillemin-Rassart vector partition 

^ I function [9]. Also, geometric quantization and the orbit method offer many elegant multiplicity 

■ formulas for group actions, see for example |13l[T2l[20t l21j. The combination of the combinatorial 



and geometric methods leads to algorithms for multiplicity computation [2]. 

The present work is also based on quantization methods on coadjoint orbits, namely the 
Berezin quantization [7] on G/T, however, the method of multiplicity computation, presented 
here, does not involve a direct combinatorial computation but is rather based on the functional 
analytical structures of the reproducing kernels on the quantization spaces. 

The application of Berezin quantization to the restriction of a unitary irreducible represen- 
tation of a compact Lie group to a closed subgroup has been studied before in [HHO]. The work 
in the present paper has been generalized and extended in [11] , which is mainly based on [U [10] 
and on the arXiv version of the present work. 

Let A be a dominant weight of the Lie algebra g of G and vr;^ be the corresponding unitary 
irreducible representation of G. Let be the associated homogeneous holomorphic line bundle 
over G/T, then according to the Borel-Weil theorem [TJ], the reproducing kernel Hilbert space 
^ho\{^'^) of holomorphic sections of is a G-irreducible carrier space of the representation irx- 

Berezin quantization (in its generalized version on spaces of sections of line bundles |18j ) 
leads to the realization of ttx [5| in terms of the Berezin symbols [8] which act as integration 
kernels on rhoi(jC^)- 



2 



D. Bar-Moshe 



We describe a method for the construction of the Berezin's symbol of projector in rhoi(^ ) 
onto the subspace of weight m. The functional analytic structure of this projector expressed in 
the affine coordinates of the big Schubert cell ol G/T enables the computation of the weight 
multiplicity of m as the rank of a Hermitian form with rational coefficients. 

The main results of the present work are given in the following propositions: 

Proposition 1. Let G he compact semisiniple Lie group, T a maximal torus of G, and G/T its 
fundamental projective space. Let ttx be the irreducible unitary representation of G of highest 
weight A. Then the multiplicity 7'^(m) of the vector of weight m in the representation space 
of TTx is given by: 

7^(m) = — / / {m- X){h)exp{K^{h- z,z))exp{-K^{z,z))dfi{h)dfi{z,z), 

^ J G/T JT 

where is the dimension of the irreducible representation ttx, dfj,{z,z) is the Liouville measure 
on G/T , V is its total mass, d^{h) is the Lebesgue measure on T {normalized to unit total 
mass), fJ,{h) is the character representation ofh^T corresponding to the integral weight fi and 
K^{(^,z) : G/T X G/T — > C is the analytic continuation of a Kdhler potential associated with 
the first Chern class of the holomorphic homogeneous line bundle C?' over G/T . 

The application of this formula to weight multiplicity computation can be simplified due to 
the following two propositions: 

Proposition 2. The Berezin principal symbol of the projector onto the subspace of weight m, 
in the representation space of ttx, is given by: 

Li{C,z)= [ {m-X){h)exp{K>^{h-C,z))d^L{h). 

JT 

The Berezin principal symbol of the projector onto the subspace of weight m, restricted to 
the largest Schubert cell of G/T is polynomial in the affine coordinates of in both of its 
arguments (Sj [6] . This parametrization is used to compute the multiplicity of the weight m in ttx 
as follows: 

Proposition 3. Let be the polynomial degree of coordinate z" in the restriction of L^{(^,z) 
to the largest Schubert cell of G/T. Then the monomials: 

n = (n„i,na2, . . . ,n«^), D = dime G/T, 

define a biholomorphic transformation / : x — > Vx V, V = C^, d = X]oeA+ '^^ 
the set of positive roots of q.) Let L^(ti,U) be the unique Hermitian form {linear in the first 
argument and antilinear in the second), such that: (/ * h^){C,z) = L^{(,z), then multiplicity 
is given by: 

j^{m) = rankv(L^). 

In Section [2l a brief review of the application of Berezin quantization on G/T to the con- 
struction of unitary irreducible representations of G, is given. In Section [3l the formula of the 
projector onto the subspace of a given weight and the integration formula for weight multi- 
plicity based the Berezin theory are developed. In Section HI the method of computation of 
a weight multiplicity, based on Proposition [3l is described. In AppendixjAj two examples of the 
application of the present method are given. 
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2 Berezin quantization and the Borel— Weil theory 

2.1 Notations 

G is a compact semisimple Lie group; 

T is a maximal torus of G; 

G*^ is the complexification of G; 

G/T is a fundamental projective pace of G; 

W is the Weyl group of G; 

B is a Borel subgroup of containing T; 

is the unipotent radical of B; 

iV_ is the subgroup of opposite to N (A^_ = sAs""*^, where s S Norm(T) is any representa- 
tive of the unique maximal length element of W); 

Q is the Lie algebra of G; 

t is the Cartan subalgebra of g corresponding to T; 

g'^ is the Lie algebra of G"^; 

n is the Lie algebra of A; 

n_ is the Lie algebra of A_; 

Q* is the dual space of g; 

(•, •) is the duality map 0* x g — > C; 

A C g* is the set of roots of t in g'^; 

C A is the set of positive roots (we choose A''" as the set of roots of n_); 
S C A+ is the set of primitive roots (S = {^^ ,j = 1, . . . ,rank(g)}); 
{Ea, a G A'^} is the set of positive root generators of (generators of n_); 
W is the Weight lattice of G (A G W is an integral weight of T); 

C C W is the positive Weyl chamber W {C = {X e W \ X ■ a > 0, VaG A+}, where A • a 
denotes the inner product induced on W by the Cartan-Killing form); 

{wj € yV, j = 1, . . . , rank(g)} is the set primitive weights {wj • 7* = (5*). 

2.2 The quantization space in Berezin theory 

Let = {G" X C^)/B be the homo genous holomorphic line bundle over G/T associated with 
the dominant weight A, defined as the set of equivalence classes of elements of G'^ x C under the 
equivalence relation: 

(56,^)~(5,A(fe)^). 

(The equivalence class of {g,f) is denoted by: [5, Here, g S G"^, 6 G € C, A S C, 

and A (5) is the character representation B — > C^, defined by: 

X{e^p{iH)) = exp{i (A, H)), H £ t, 
A(n) = 1, n G A. 

These representations (for all A G W) exhaust all one dimensional representations of B, since B 
and T have the same fundamental group and any one dimensional representation of B must be 
trivial on A. 
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According to the Borel-Weil theorem [T3j: if A is dominant, then the G action on C^, 
defined by: 

91 ■ [a, 'A = 'A > 

is irreducible on the space of holomorphic sections T\io\{C^), and the corresponding represen- 
tation is equivalent to the representation ttx of highest weight A of G. Berezin quantization 
provides a method for realizing tta on T\io\{C^) [5]. The representation space in Berezin theory 
is realized as a reproducing kernel Hilbert space. Specifically, let tp '■ G/T — > be a holomor- 
phic section of let {z,il){z)) be the trivialization of ip on some open neighborhood U. Then 
the inner product on the space of sections in the Berezin theory is defined by: 

= -n- / Mz)Mz)^^v{-K^^\z.z))d^l{z,z), 
^ Jg/t 

where the sum over an appropriate open cover of G/T weighted by a partition of unity [18] is 
implicit. Here, ipi,ip2 £ -^^^(rhoi(jC'^)), N"^ is the dimension of the representation ttx, and V is 
the total mass of the Liouville measure dn{z,z). We note that due to the compatibility of the 
connection on /^'^ defined by the Kahler potential and the Hermitian metric on the Fibers, all 
the integrations over G/T in this work are of global functions. 

The representatives of group elements and of elements of the universal enveloping algebra of 
its Lie algebra are realized in the Berezin theory by means of symbols, which act as integration 
kernels on L^(rhoi(>C^)). The action of an operator A in the representation space of tt\o\\ 
L2(rhoi(>C^)) is realized by means of its symbol ^^(C, ^) : G/T x G/T — > C as follows: 

(7rA(A)o^)(C) = — / A\C,z)e^^{K^^\C,z))i:{z)e^v{-K'^'^\z,z))d^l{z,z). 
V Jg/t 

We define the covariant principal Berezin symbol of A by: 

I^(C,^)=^'(C,^)exp (kW(C,^)). 

In the parametrization we use, the principal covariant symbols have the property that their re- 
striction to the largest Schubert cell S<j C G/T is polynomial in the affine coordinates of [3 [6]. 
The reproduction property of is expressed through the relation: 

A/A /■ 

^l^{0 = — / L^(C,^)^(^)exp(-ifW(z,z))dM^,z), 
^ Jg/t 

where L^{C,,'z) is the reproducing kernel of L'^{T\io\{C^)). The reproducing kernel can be viewed 
as the principal covariant symbol of the unit operator in L'^{T\io\{C^)). On the other hand it is 
the kernel of the orthogonal projector on L^(rhoi(jC^)) in L?'{T{C'^)). 
Clearly: 

L\Cz) = Y,U0^3{^)^ 

where {V'j, J = 1,...,A^''*} is any orthonormal set of L^(rhoi('C'^)). We choose to work in 
the weight basis in which the basic vectors of the orthonormal set are indexed by their weight 
vectors m corresponding to the Cartan generators and the corresponding deg eneracy index i^a , 
in terms of which the latter equation can be rephrased as: 

7-^(m) 

L\Q,z) = J2 H V^-,*™(C)£I^, (2.1) 

mGW^ im=l 
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where W is the weight set of ttx and 7 (m) is the multiphcity of the weight m in tta- A basic 
property of L^(rhoi('C'^)), as a reproducing kernel Hilbert space, is that its reproducing kernel is 
given in terms of the analytic continuation of the corresponding Kahler potential by the relation: 

L\C,z)=exp{K'^{C,z)). (2.2) 

In Berezin's original work [7] the condition (|2.2p was imposed in order to establish a quantiza- 
tion (correspondence principle). In the case under study of the reproducing kernel Hilbert spaces 
of holomorphic sections of line bundles over compact Kahler manifolds, the validity of ()2.2p was 
established in [19] . 

We shall refer to the Kahler potentials {K^{(,z), j = 1, . . . , rank(g)} corresponding the fun- 
damental tensor representations, i.e., the representations of highest weights equal to fundamental 
weights {wj € W, j = 1, . . . , rank(g)}, as the basic Kahler potentials. The corresponding repro- 
ducing kernels will be addressed to as the basic reproducing kernels: 

Therefore, the Kahler potential corresponding to a general highest weight representation is 
given by: 

rank(g) rank(g) 

K\C,z)= Yl hK\Q,z), X= ljw„ GNU{0}, j = l,...,rank(0). 

j=i i=i 

2.3 The T action on G/T and ^^(rhoiC^^)) 

G/T can be parametrized through the canonical diffeomorphism G/T = G^ /B by a holomorphic 
section i{z) : G^/B — > of the principal bundle B — > G'' — > G" / B . The T action on G/T 
is given by: 

i{h ■ z) = hi{z)h~^ , heT. 

The induced T action on L^(rhoi(jC^)) can be obtained from the property as a homoge- 
neous bundle: 

(hoil^Xz) = \{h)ij{h~^ ■ z). (2.3) 

2.4 Parametrization of G/T and the construction 
of the basic Kahler potentials 

In this section and in the computational examples, all group and universal enveloping algebra 
elements of G'^ will be represented in the basic fundamental representation of G (i.e., operators 
in the representation space of the basic fundamental representation of G). 

We use the Bando-Kuratomo-Maskawa-Uehera method [3l 0] for the construction of the 
basic Kahler potentials. Let {Yj G t, j = 1, . . . ,rank(g)} be the set of coweights of t defined by: 

rank(g) 

{a,Yj) = Y GjkWk ■ a, 

k=l 

where Gjk = {A~^)ij- — ^ — is metric on the weight space in the weight basis {A is the Cartan 
matrix). In the terminology of [3] and the generators Yj are called central charges. Let 
{rjj £ t, j = 1, . . . , rank(g)} be the set of projectors on the lowest value eigenspace of Yj (in the 
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basic fundamental representation). Then according to [3] and [1], the basic Kahler potentials 
can be constructed according to: 

K^iCz) = log (det {r]jC{z)k{C)Vj + 1 " Vj)), J = 1, • • • ,rank(g), 

where {■)^ denotes Hermitian conjugation. 

For the specific computations, we use the parametrization of G/T, obtained from the holo- 
morphic diffeomorphism: — > S^, given by: 

=exp f ^ z"i?A gC. (2.4) 



3 A weight multiplicity formula based on Berezin quantization 

The action on L^(rhoi(/^^)) can be used to project the representation space onto the subspace 
spanned by a given weight m, as follows. 

On one hand, since 'fprnjrn ^ section corresponding to a. vector of weight ttt,, then; 

{h o i)„,j^){z) = m{h)^rn,jm{z). 
On the other hand, according to (j2.3p : 

{h o '4^m,jm){z) = X{h)^rn,j^{h ■ z). 

Combining the two equations, we obtain: 

'^m,jm{h ■z) = {\- m){h)^rn,jrrXz)- 

Thus, the projection onto the subspace of a given weight m, can be obtained by the following 
integration over T: 

(m - \){h)^rn',j^,{h ■ z)dfi{h) = dm,m''^m,j^{z), 



T 



where dfi{h) is the Lebesgue measure on T. Applying this projection operation to the reproduc- 
ing kernel L^{C,z), we obtain: 

7^(m) ^ ^ / 7^M ^ \ 

^ ^^ni,iAC)iJm,iAz) = {in- X){h)i ^ V'm.i^l/l • C)^m,i„(2) 

which, upon using (j2.ip and (j2.2p . is the statement of Proposition [2j 

Li{C,z)= [ {m-X){h)exp{K>^{h-C,z))d^i{h), (3.1) 
Jt 

where 

7'^(m) 



LiiCz) = i^m.,AO'^m,^{z). (3.2) 

The principal symbol L^{(,z) of the projector in L^(rhoi(^'*')) onto the subspace spanned 
by vectors of weight m acts as a reproducing kernel on the same subspace. Now, since the 
sections '4>m,i„^ are orthonormal, we get: 



l\rn) = — Li{C,z)exp{-K^^\z,z))dfi{z,z). (3.3) 

^ -IG/T 
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Combining p.ip with p.3p we obtain the statement of Proposition [TJ 

7^(m) = ^ / [ {m- X){h)exp{K^{h-C,z))e^p{-K^{z,z))dfi{h)dfi{z,z). 
^ Jg/t Jt 

4 A method for weight multipUcity computation 

4.1 Computation by direct integration 

The weight multiphcity formula given in the previous section is not constructive. While the 
construction of the Kahler potentials along the method described in Section [2] and the integra- 
tion over the maximal torus are straightforward, no simple rules are known in advance for the 
integration of holomorphic sections. Although, the integration can be performed by elementary 
integration techniques on the largest Schubert cell, since its complement in G/T is of Liouville 
measure zero, but even for spaces as small as Fl{3) = SU{3)/ S{U{1) x U{1) x U{1)) and small 
representations, direct integration is a quite lengthy task. 

4.2 Weight multiplicity computation as a rank of a Hermitian form 

The decomposition of L^((^,z) given in ()3.2p allows multiplicity computations without direct 

integration. In the parametrization of G/T defined in (j2.4p . the restriction of any principal 

Berezin symbol to the largest Schubert cell is polynomial in the affine coordinates 

Let be the polynomial degree of coordinate in the restriction of L^{(,z), and define the 

monomials: 

MO = n ^"(^) = n (^")""' < n„ < d^, 

n = (n„i,nQ,2, . . . ,n„^), D = dime G/T. (4.1) 

Clearly, any section of the orthonormal subset of weight m is a linear combination of the 
monomials of (j4.ip : 

V^m,„(C) = E„«L«n(C)- (4.2) 

The monomials in (j4.ip . define a biholomorphic transformation / : x — > V x V, 
V = C"', d = ^aeA+ ^ci- Consider the Hermitian form on V defined by: 

7'*'(m) 

— 1 

We have: /*L^ = L^^. Suppose there exists another Hermitian form such that /*L^ = L^. 
This would imply that: / * (L^ — L^) = 0. But / * (L^ — L^) is a polynomial function on 
Sg X Tig, therefore it can be identically only if all of its coefficients vanish. This would imply 
that the coefficients of the Hermitian form — vanish, hence = L,^. 

Let A be the matrix of dimension 7'^(m) x d whose coefficients are a^. Clearly d > j'^{m), 
and also the row vectors of A are linearly independent, otherwise, at least one of the sections 
in (j4.2p is a linear combination of the others, which is impossible, since they are orthonormal. 
Therefore, 

rank(^) = j'^{m). 

The Hermitian matrix of the Hermitian form L,^ is A^A, whose rank is identical to A, hence 
we obtained the proof of Proposition [3l 

j^{m) = rankv(L^). 
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A Examples 

A.l Computation of some weight multiplicities 
in the representation 77(4 2) of SU (3) 

A suitable basis for the generators of sl(3) = su{3y in the basic fundamental representation is 
given by: 

Positive root generators: 

010\ /000\ /OOl 

= I , = I 1 \ , Sag = 
000/ Voooy \ooo 

Negative root generators: 

E — E — e'^ E — E'^ 

Cartan subalgebra generators: 

= [^;„i,^_„J =diag(l,-l,0) H2 = =diag(0,l,-l). 
Central charges: 

Yi = GuHi + G12H2 = idiag(2, -1, -1), Y2 = G21H1 + G22H2 = idiag(l, 1, -2). 
The projectors required: 

7?i = diag(0, 1, 1), 772 = diag(0,0, 1). 
The coset representative: 

/ 3 \ / 1 Zi Z3- Z1Z2/2 

^{z) = exp ^ ZiEa, = 01 Z2 

\i=i / V 1 

The action of the element h = exp(i9iHi + z^2-f^2) G T on the affine coordinates: 

{h ■ z)i = exp(2i6'i - 1^2)21, {h ■ 2)2 = exp(— i6'i + 2^^2)22, 
{h ■ z)3 = exp(i^i + i92)z3. 

The fundamental reproducing kernels: 

L\C,z) = det {viaz)^mvi + 1 - = 1 + Cizi + C+Z+, 

L2(C, Z) = det {m^{z)U{C)V2 + 1 - 7?2) = 1 + C2^2 + Cs"^^, 

where = Cs i (^1^2/2, and similarly for the antiholomorphic coordinates. 
The reproducing kernel of L^(rhoi(>C*^^'^^)): 



L^'^^\C,z) = (1 + Cizi + CM)'i^ + C2Z2 + Qz^) 
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A. 1.1 Computation of the multiplicity of the weight (0,1) in '^(4,2) 

Computation of the projector onto the weight space (—2, —1) in L^(rhoi(jC'-^'^^)): 

2tt 2tt 



L 



(4,2) 
(-2,-1) 



1 



(2vr) 







dOi j de2exp{-6i0i-Aie2) 




X L^'^'^\exp{2iei - ie2)(i,exp{-iei + 2ie2)C2,exp{iei + ie2)C3,zi,Z2,Z3). 
The integration result: 

(4,2) _ i7^5^4_5_4 , ^^3^2^2-3-2-2 , r,n/-. /-4- -4 , 5a4/-3^_^^-„ 



L 



+ 20CfC2Clzlz24 + UfCkszlzpl + U!Ckizizlz3 + 2C?C2C|^f^2 

4>3a -2- 



+ 2c!ciziz24 - Ictckszl^ - 2 



kkl4ziz3-Ktck3ziz24 



5ck2Clztziz3 - QCk2Clzizizl - Qckklzlz2zi - QCiClzizi4 
Qckklzizi + 2c,clztzlz3 + 2ckk3Zizi + \ciclzi4 + Icklzizt 

/-H ^ ^4-2- ^ 9^3a2a2-5^ 9 ^5 7-4^-2-2 

o(,l(,2(,3ZlZ3 - 8(,l(,3 2;iZ2Z3 - o Cl <;2 C3 ^1^2 " s'^.l '=2 ^12^22^3 



The monomial set of L 

CiCl 



(4,2) . 
(-2,-1)- 



Ml 
Vl 



zizh 



U2 
V2 



Ck2C: 



3' 



zlz2Z3, 
(4,2) 



U3 
V3 -- 



- ckki, 

Z\ Z2 Zz , 



= C1CIC3, 

V4, = zfzks, 



■U5 
Vb = 



- Slt,2) 

^5 4 



The Hermitian form Ij^^^' _-^^{u,v) 



\-2,-l)' 





t 


/ 20 


-8 


-6 


2 


1 
4 


\ 


/ \ 


V2 




-8 


20 


-6 


-5 


2 




U2 


V3 




-6 


-6 


6 


3 
2 


-9 

8 




U3 


\ V5 J 




2 


-5 
2 


3 
2 

-9 

8 


5 
4 

-1 
2 


-1 
2 

17 
64 


/ 


\U5 / 



Computation of the multiplicity: 

^(_2,-l)(^>^^)) 



^(4,2)((_2,_l))=rank(L;^'') 



2. 



A. 1.2 Computation of the multiplicity of the weight (—6,4) in 7^(4,2) 

This weight lies on the Weyl group orbit of the highest weight, therefore its multiplicity should 
be 1. Repeating the same type of computation as in the previous case, we obtain: 



L 



(-6,4)^ 



256 ''I "^3 ^1^3 + 64^1^2C32l222:3 + 256 ''I ''2 ^ 12^2 + 128 "=1 ''243^1 



^^2 



+ mCklzfzi + Tk(kMz2Z3 + TkckMz2Z3 + ^cHMzl 

+ TkCk2C3ztzl 



The monomial set of L 



Ml 
Ml 



■ r^r2 

■ Sl'^Si 

4 2 
^1^3' 



U2 
V2 -- 



(4,2) . 
(-6,4)- 

'- C1C2C3, 
z\z2Zz, 



U3 
V3 -- 



- '5l<52i 
^6 2 
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t 




1 
256 


1 
128 


1 

256 








1 


1 


1 


1 




128 


64 


128 








1 


1 


1 




256 


128 


256 













K U3 J 



The Hermitian form _^-^{u,v): 

2!-l)(^''") 

Computation of the multiphcity: 

7(^'2)((-6,4))=rank(L[!;^;,)(n,I;)) = l. 

A. 2 Computation of some weight multiplicities 
in the representation 7r(i,i) of SO{5) 

We choose to work in the four dimensional basic fundamental representation of 5p(2)=so(5). 
We use a quaternionic basis for the generators, with: 

i=(o ?)' ""+=(00)' 0)' ^°=(i -1 

A suitable basis for the generators of sp(2)'^ in the basic fundamental representation is given 

by: 

Positive root generators: 

E'q,-^ = 1 (g) (T+, = 0^+ (8) CT-, -Eag = (7+ (g) CTq, Eq.^ = £7+ (g) (T+. 

Cartan subalgebra generators: 

Hi = [Ea^,E_a^] =1^(70, H2 = [Ea2,E_o.2] = |(tTo O 1 - 1 fJo) . 

Central charges: 

Yi = GiiHi + G12H2 = \{ao®l + l(S) ao), Y2 = G2ii^i + G'22i^2 = (7q®\. 
The action of the element h = exp(i9iHi + i02-f^2) G T on the affine coordinates: 

{h ■ z)i = exp(2i^i — i02)zi, {h ■ 2)2 = exp(— 2i^i + 2i62)z2, 

{h ■ z)3 = exp(i^2)-235 {h ■ 2)4 = exp(2z^i)z4. 
The basic reproducing kernels: 

L\C,z) = 1 + Cl^l + Ctzi + Cg'^S > 



L\C,Z) = 1 + C2^2 + 2C3+4 + iC - ClCt){-^ - Zizt) + (C2C4+ - C3C^){Z2 



where = ± C1C2/2, C4' = C4 + C1C2/6 and similarly for the antiholomorphic coordinates. 
The reproducing kernel of L^(rhoi(/^^^'^^)): 

l(1'1)(C, z) = (1 + Ci^i + Ct^t + Csz^) 

X (1 + C2^2 + 2C3+4 + iCt - ClCtM - Zizt) + (C2C4+ - C3-C3+)(^2^| - Z^Z+)) . 

The principal symbol of the projector onto the weight space ( — 1,0) in L^(rhoi(jC(^'^^)): 

^(^;|o)(C.^) = TiiCfCl^^i + nC?C2C3Z?Z2^3 + 3C3C4^3^4 + 2ClC|^l^i + |ClC2C4^1^2^4 
+ iClC3^1^2^4 + |ClC2^3^4 - ClC3^3^4 + KlC2C4^3^4 " nClC2^1^2^4 
+ l^Cl C2C3^1^2^4 + 5C3C4^1^2^4 + 5(1(2(3^3^4 " (3(4^1^3 " iClCl^l^l 
+ 11(1(2^1^2^3 - lClCizlz2Z3 + 5(3(4^1^2^3 - |(f(2(3^1^3 - 1(1(2(421^1 
- IClCizlzl + ]^(f(2(3^^i - l^(l(2(42?^2 + nCl(2(4^?^2^3 + K3C4^?^2- 
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The monomial set: 



Ml 


= del 


Ml 


— Z1Z2, 


U2 


= C1C2C3, 


V2 


= zfz2Z3 


U3 


= C3C4, 


V3 


= z'lz2Z3 


Ui 


= CiCl 


M4 


= zfz2Z3 


Ms 


= C1C2C4, 


V5 


= zjz2Z3 



The Hermitian form L^J-^ „n (u, m): 



/ ^1 \ 


t 


/ 


7 
144 
1 


1 

18 
1 


1 
3 
1 


1 
4 
1 


-1 
12 
1 


\ 


/ ni \ 


V2 






18 


12 


2 


6 


12 




U2 


V3 






1 

3 


1 
2 


3 


-1 


1 
2 




U3 


M4 






1 


1 


-1 


2 


3 




U/i 


V ^5 J 




v 


4 
-1 
12 


6 

1 

12 


1 
2 


3 
2 


2 
7 
4 


/ 


\U5 / 



Computation of the multiphcity: 

7(^'^)((-l,0)) = rank(L[%(M,M))=2. 
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